Shellability of simplicial complexes has been a useful concept in polyhedral theory, in piecewise linear topology and recently in connection with Cohen Macauley rings. In this paper we initiate a study of shellability in a graph theoretic context. For certain graphs, necessary and sufficient conditions for shellability are given. A correspondence is established between n-colored graphs and (n -1 )-dimensional simplicial complexes. Via this correspondence, results on shellability of graphs have implications for problems in P.L. topology. For example, it is known that all2-spheres and convex d-spheres are shellable. It has been conjectured that all 3-spheres are shellable. A counter-example is provided in the following sense. We construct a finite cell complex whose cells are simplexes and such that the underlying space is a 3-sphere whose simplexes cannot be shelled.
INTRODUCTION
A simplicial complex is pure if its maximal simplexes all have the same dimension n. A pure, finite simplicial complex is shellable if there is an ordering (s~. s 2 , ••• , sN) of the maximal closed simplexes such that sk n (U~:.• s;) is a nonempty union of maximal proper faces of sk for k = 2, 3, ... , N. In particular, this intersection is homeomorphic to either an (n -I)-ball or (n -1)-sphere.
The concept of shellability first appeared in polyhedral theory. Early calculations of the Euler characteristic of a convex polytope were based on the assumption that the boundary complex of such a polytope is shellable. The subtleties of this assumption were originally overlooked. It was proved only in 1970 [3] . Shortly thereafter this result proved crucial in the first proof of the upper bound conjecture (UBC), due to McMullen [11] . The UBC gives an upper bound on the number of faces of various dimensions of a convex polytope.
Shellability has also been applied in the theory of low dimensional manifolds. In 1904 Poincare [13] conjectured that a simply connected closed 3-manifold must be a 3-sphere. The problem remains unsolved today. As pointed out by Bing [1] , shellability provides a natural approach to the Poincare conjecture. It can be shown that every shellable d-dimensional manifold is either a d-ball or a d-sphere. The problem is then to show that every triangulated, simply connected, closed 3-manifold is shellable. Even the question of shellability for triangulated spheres is not settled. The following is known. For additional background see the survey article by Danaraj and Klee [5] . I. Every 2-sphere and 2-ball is shellable [1]. 2. Every convex d-sphere is shellable [3] . A convex d-sphere is defined as a simplicial complex that is isomorphic to the boundary complex of a simplicial (d +I)-polytope. 3. For d~3 there are d-balls that are not shellable [1, 14] . 4. For d ~5 there are d-spheres that are not shellable [6] .
Griinbaum has conjectured that all 3-spheres are shellable. Klee also asked whether a shellability algorithm can be used to decide whether a given 3-manifold is a 3-sphere [5] . In Section 5 of this paper a counter-example is provided in the following sense. We construct a pseudosimplicial complex-a finite cell complex whose cells are simplexes su"ch that the underlying space is a 3-sphere whose simplexes cannot be shelled. We remark, however, that Griinbaum's conjecture was stated in terms of abstract simplicial complexes and remains open.
Our techniques are graph theoretic. In [8, 19 ] the author applied edge-colored graphs to the classification of regular polytopes and their combinatorial generalizations. Some of the ideas and terminology were inspired by the work of J. Tits on buildings and chamber complexes [16, 17] . Independently, several authors [7, 8, 9] introduced and investigated the 'crystallization' ofa P.L. manifold-also a special kind of colored graph.
In Section 2 of this paper the concept of an n-graph is introduced. To any n-graph is associated an (n -I)-dimensional pseudomanifold. Any closed 2 or 3-manifold can be realized in this way.
A shelling of an n-graph is defined in terms of a sequential removal of the points of the graph. Results on shellability of n-graphs are contained in Section 3. In particular, an n-graph is shellable if and only if the associated pseudomanifold is shellable.
In Section 4 certain combinatorial fundamental groups of an n-graph G are defined. We prove that these groups are trivial if G is shellable. Conversely, for a 3-graph to be shellable it is sufficient that one such combinatorial fundamental group be trivial.
The notion of non-degeneracy of an n-graph is investigated in Section 6. The 4-graph in the counterexample of Section 5 is degenerate. A non-degenerate counterexample would imply a counterexample to Griinbaum's original conjecture.
n-GRAPHS AND CoMPLEXES
Graphs are allowed to have multiple edges, but not loops. The point set of a graph G is denoted by V( G) and the edge set by E( G). For v E V( G), deg v is the number of edges incident to v. A graph is connected if any two points are joined by a finite path.
Let I= {1, 2, ... , n} be fixed throughout this paper. An n-graph consists of a connected graph G and a map c: E( G)~ I that is injective when restricted to the set of edges incident with a point. If c is bijective when restricted to the set of edges incident with a point, then G is called regular. The integer n is called the rank of G and the value c( e) is referred to as the color of edge e. Let We define a pseudosimplicial complex Ll as a finite cell complex [15] whose cells are simplexes, i.e. the homeomorphic image of a geometric simplex endowed with a facial structure carried over by the homeomorphism. In [10, p. 50 ] the authors refer to such a complex as pseudosimplicial because more than one simplex may be spanned by a given set of vertices. A pseudosimplicial complex Ll is pure if the maximal simplexes all have the same finite dimension. The maximal closed simplexes of Ll are then called facets. A shelling of a pseudosimplicial complex is defined exactly as it was for simplicial complexes in Section 1. A pseudomanifold is a pure pseudosimplicial complex such that (1) every codimension 1 simplex is contained in either 1 or 2 facets and (2) for every pair of facets s and s' there is a finite sequence s =St. s 2 , ... , sm = s' of facets such that si and si+ 1 have a codimension 1 simplex in common for 1 ~ i < m. The boundary of a pseudomanifold is the subcomplex consisting of those codimension ~1 simplexes contained in exactly 1 facet. We let sd Ll denote the barycentric subdivision of the simplicial complex Ll and = denotes isomorphism of pseudosimplicial complexes.
To an n-graph G is associated an (n -I)-dimensional pseudomanifold LlG as follows. Intuitively LlG can be thought of as being built from (n -I)-simplexes, one for each point of G, such that two (n -I)-simplexes share a common codimension I face if the corresponding points are adjacent in G. For example, consider the 3-graph G in Figure  I . The associated complex LlG is the boundary complex of the octahedron. The two shaded simplexes correspond to the two circled points of G. Note that the two simplexes are identified at a simplex of type {I} because the corresponding points are {2, 3}-adjacent. The bijections described above induce a map c from the set of vertices of LlG to I that is bijective when restricted to facets of LlG. The image of the vertex set of a simplex s in LlG under c is called the type of s. The next result follows from the definitions and the proof is omitted. 
THEOREM I. If G is an n-graph, then (I) LlG is a pseudomanifold; (2) LlG is without boundary if and only if G is regular; (3) LlG is orientable if and only if G is bipartite.
There is a correspondence between the set of simplexes of LlG and the set of proper residues of G. For a residue R of type J in G, consider the facets {Llv Iv E V(R)} of K.
These share a common face, call it t5R, of type J. This yields the following result. Again consider the example in Figure I . The residues of type {I, 2} correspond to the top and bottom vertices of the octahedron. Lines in G correspond to edges of the octahedron and points of G correspond to triangular faces of the octahedron.
The next two results are concerned with which topological spaces can be obtained from an n-graph G by the construction a~LlG. PRoOF. Define a function c from the set of vertices of sd .1 to I by c( v) = i where i-1 is the dimension of the simplex in .1 corresponding to v in the construction of sd .1. Now construct an n-graph G as follows. The points of G are the facets of sd .1. Two points of G are joined by an edge colored i if the corresponding facets share a codimension 1 simplex with c values in I-{i}. For this G we have .1G = sd .1. Theorem 3, in conjunction with the well known triangulation theorem of Moise for 2 and 3-manifolds [12] , yields the following corollary. Here = is homeomorphism. It is apparent that strong shellability implies weak shellability. Theorem 7 states that the converse is true. Let G be an n-graph and R a residue of G. A shelling of G induces a shelling of R, hence the following lemma. 2 3 Because v is not strongly shellable from R, L/-is not empty. Next consider the equivalence relation -defined for (R-v) and let Lv be the set of equivalence classes.
CoROLLARY 4. If M is a closed 3-manifold (2-manifold), then there is a 4-graph
Let U = { uj Ii E J} be the set of points adjacent to v in R. The weak shellability of v from R implies that (1) in R every point of U has degree III and (2) U forms a complete equivalence class in Lv. Hence Lv has at least 2 distinct classes. If it can be shown that weakly shelling a point cannot diminish the number of equivalence classes, we arrive at a contradiction because (R-v) is weakly shellable. So let H be any n-graph, w a weakly shellable point of H, L the equivalence classes on H and Lw the equivalence classes on (H-w). Let W be the set of points of H adjacent to w. 
In view of Theorem 7, the term shellability of ann-graph can be used without ambiguity. Note, however, that Theorem 7 does not imply that if v is weakly shellable from G, then v is strongly shellable. The 3-graph of Figure 2 The relationship between shellability of a graph and shellability of a pseudosimplicial complex is given in Theorem 10. Recall that 8 is the bijection of Theorem 2 between the set of proper residues of G and the set of simplexes of ..1G. For a subset S of facets of a pure pseudosimplicial complex ..1, (S) denotes the induced subcomplex of ..1 consisting of these facets and their faces. PROOF. Let 8 be the bijection of Theorem 2 from the set of proper residues of G to the set of simplexes of ..1G. Similarly let 8' be the bijection for ( G-v) and ..1( G-v). By Lemma 6 there is an injection f from the set of residues of (G-v) to the set of residues of G. Lets be any simplex of ..:l(G-v) and s=8·f· 8'-1 (s). Then the assignment so---;.s induces an isomorphism from ..1 ( G-v) 
FUNDAMENTAL GROUPS
In this section combinatorial fundamental groups are defined for n-graphs. The relation ship between these groups and the topological fundamental group is made explicit. Connections with shellability of n-graphs are given. by 1r(m, G) . There is a chain of surjective homomorphisms 1r(O, G)~1r(I, G)~ · · · ~1r(n -1, G)~1r(n, G)= 0, so that each m-fundamental group is a refinement of the succeeding one. The following theorem is proved in [17] . Here 1r 1 (.:lG) denotes the topological fundamental group of .:lG.
THEOREM 11. If G is ann-graph, then 7T 1 (.:1G) =1r(n -1, G), and 1r 1 (.:lG) =7T (2, G) if .:lG is a manifold.
THEOREM 12.
If G is a shellable n-graph, then 7T(2, G)= 0.
PROOF. Let G be any n-graph from which a point vis shellable. We will assume that 7T(2, (G-v)) = 0 and prove that 7T(2, G)= 0. Theorem 12 then follows by induction. For any closed path a in G based at v 0 , the shellability of v implies that there is a closed path a' in (G-v) that is elementary 2-homotopic to a in G and that does not pass through v. By assumption a'-0 in ( G-v) and hence a-0 in G. Thus 7T(2, G)= 0.
For 3-graphs the converse of Theorem 12 is true. THEOREM 13. A 3-graph G is shellable if and only if 7T(2, G) 
PROOF. For a 3-graph, the complex L1G is a 2-dimensional pseudomanifold with boundary. If it is assumed that 7T(2, G)= 0, then by Theorem 11 the fundamental group 7T 1 (L1G) = 1r(2, G) is trivial. Thus L1G must be either a 2-ball or a 2-sphere. It is known that every 2-ball and 2-sphere is shellable [ 1 ].
It is possible to give a completely graph theoretic proof of Theorem 13. In another paper [20] we prove a slightly stronger result in this way.
A NON-SHELLABLE 3-SPHERE
It is well known that a shellable d-dimensional pseudomanifold is either a d-ball or a d-sphere [ 4] . The converse is true for 2-dimensional pseudomanifolds. However, for The compl~x ..1G 0 is a 3-sphere. Regard H as a 4-graph. The construction described in Section 2 can be used to build a 3-dimensional complex ..1H from H. Here H is formed from 25 facets-corresponding to the 25 points of H-with certain identifications along faces of these facets as required by the definition. A tedious hand construction substantiates that ..1H is a 3-ball. (Note that 77' 1 (..1H) = 77'(2, H)= 0.) Then ..1G 0 consists of two 3-balls with identical points of each identified, i.e. a 3-sphere.
NON-DEGENERACY
An abstract simplicial complex consists of a set X of vertices and a set of finite nonempty subsets of X called simplexes such that any set consisting of a single vertex is a simplex and any nonempty subset of a simplex is a simplex. A pseudosimplicial complex, as defined in Section 2, is associated with an abstract simplicial complex in the usual way [15] . However, there are pseudosimplicial complexes that cannot be realized as an abstract simplicial complex. The one dimensional complex <:::> is the simplest example. In this section a condition on an n-graph G is given insuring that ..1G can be realized as an abstract simplicial complex. In this case ..1G is just the nerve of the set of residues of rank (n -I) in G.
An n-graph G is called non-degenerate if the intersection of any two re~idues of G is either empty or a residue of G. In particular, a non-degenerate n-graph has no multiple edges. Let A be any set and S a collection of subsets of A. There is a standard method of constructing an abstract simplicial complex from A and S. The nerve of S, denoted N(S), is the abstract simplicial complex whose simplexes are finite nonempty subsets of S with nonempty intersection. In the next result we consider N(S) where Sis the set of residues of rank n -1 in an n-graph G. We remark that it is possible for a residue of type J and a residue of type J' to be the same subgraph of G. Nevertheless, they are considered as two distinct residues. THEOREM 15. If G is a non-degenerate n-graph and S is the set of residues of rank n -1, then LlG = N(S).
PROOF. Recall that 8 is the bijection of Theorem 2 between proper residues of G and simplexes of ..1G. Let s be a simplex of N(S), i.e. a set {RJ of residues of rank n -l. PROOF. If G is non-degenerate, then Theorem 15 guarantees· that .:lG can be realized as an abstract simplicial complex. Conversely assume that .:lG is an abstract simplicial complex. Suppose that R, R' are residues and R n R' is not empty. Say type R = J and type R' = J'. Then the connected components of R n R' must be residues of type J u J'.
Let s= 8 ( n Ri
Let R 1 and R 2 be any two such components: lets= i>(R), s' = i>(R') and s= 8 
